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ABSTRACT 
Two c l a s s e s  of  closed form so lu t ions  of one-dimensional, nonlinear  waves 
of a r a t e - s e n s i t i v e ,  e l a s t o p l a s t i c  ma te r i a l  a r e  reported.  One c l a s s  of t h e s e  
solu t ions  is  s e l f - s i m i l a r  and the  o the r  c l a s s  cons i s t s  of constant  speed 
propagations. Applications of  these  so lu t ions  t o  unsteady motions behind 
propagating d i s c o n t i n u i t i e s  a r e  a l s o  considered. 
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I. INTRODUCTION 
The purpose of t h i s  r e p o r t  i s  t o  d i scuss  two i n t e r e s t i n g  c l a s s e s  o f  c losed  
form s o l u t i o n s  of  one-dimensional, unsteady motion of a r a t e - s e n s i t i v e ,  e l a s t o -  
p l a s t i c  m a t e r i a l .  One c l a s s  of t h e s e  s o l u t i o n s  is  s e l f - s i m i l a r  and is deduced 
from t h e  i n v a r i a n t  theorems of continuous groups of t ransformat ions .  This 
c l a s s  o f  unsteady motion is governed by a s i n g l e ,  f i r s t - o r d e r ,  non l inea r ,  
o rd inary  d i f f e r e n t i a l  equat ion of t h e  R i c c a t i  t ype  and closed form s o l u t i o n s  
i n  terms of  elementary func t ions  a r e  obtained under s p e c i a l  c i rcumstances.  I f  
t h e  m a t e r i a l  i n  cons idera t ion  possesses  t h e  a d d i t i o n a l  proper ty  of  ins tan taneous  
l i n e a r  e l a s t i c i t y  [l] under "high r a t e "  o f  s t r a i n i n g ,  it may be demonstrated 
t h a t  one o f  t h e s e  s e l f - s i m i l a r  s o l u t i o n s  can be used t o  desc r ibe  t h e  d ispersed  
nonl inear  wave motion behind a propagat ing shockfront  i n t o  an i n i t i a l l y  quies-  
cent  reg ion .  
The second c l a s s  of  s o l u t i o n s  is obta ined  by searching  f o r  one-dimensional 
wave motions wi th  cons tan t  speeds o f  propagat ion.  These s o l u t i o n s  a r e  express-  
i b l e  a s  s imple quadra tures  and c losed  form expressions can be obta ined  f o r  
s p e c i f i c  c o n s t i t u t i v e  r e l a t i o n s .  Such s o l u t i o n s  r ep re sen t  non-cha rac t e r i s t i c  
propagat ions,  i . e . ,  they  a r e  not  propagat ions of weak d i s c o n t i n u i t i e s  o r  acce le-  
r a t i o n  waves. It may be demonstrated, us ing  t h e  Poincar6-Bendixon theorem, t h a t  
t h e s e  s o l u t i o n s ,  i n  g e n e r a l ,  a r e  n o t  pe r iod ic .  Assuming a s u b - e l a s t i c ,  constant-  
speed,  propagat ing d i s c o n t i n u i t y  preceded by an e l a s t i c  p recu r se r  with an un- 
loading ,  r e l a x a t i o n  zone, o r  a cons tan t  s t r e s s  r eg ion ,  t h e  nonl inear  wave so lu -  
t i o n  wi th  a cons t an t  propagation speed equal  t o  t h a t  o f  t h e  d i s c o n t i n u i t y  can be 
used t o  desc r ibe  t h e  "unsteady"' motion behind t h e  d i s c o n t i n u i t y .  
One-dimensional r e c t i l i n e a r  motion, i n  t h e  s t r i c t  s e n s e ,  involves n o t  j u s t  
one s p a t i a l  coord ina te  but  a l s o  only one component of s t r e s s ,  s t r a i n ,  and p a r t i -  
c l e  v e l o c i t y .  Such a  type  of motion is  t y p i c a l  of t h e  propagat ion of  l ong i tu -  
d i n a l  s t r e s s  waves i n  t h i n  s t r a i g h t  rods  when t h e  l a t e r a l  i n e r t i a  e f f e c t s  of  
t h e  rods  can be neglec ted .  For such a  type  of  motion, on ly  a  one-dimensional 
s t r e s s - s t r a i n  o r  c o n s t i t u t i v e  r e l a t i o n  i s  requi red .  Various r a t e - s e n s i t i v e ,  
c o n s t i t u t i v e  equat ions have been proposed i n  t h e  l i t e r a t u r e  and a  comprehensive 
review o f  t h i s  s u b j e c t  can be found i n  Cr i s t e scu  C21. The s o l u t i o n s  descr ibed  
i n  t h i s  r e p o r t  a r e  obta ined  based on a  model f i r s t  proposed by Sokolovski i  [3,4]. 
This  model cannot ,  i n  g e n e r a l ,  be used t o  desc r ibe  t h e  s t r u c t u r e  o r  genera t ion  
of  shock waves [ 5 , 6 ] .  I n  applying t h e  s o l u t i o n s  given i n  t h i s  r e p o r t  t o  t h e  un- 
s teady  motions behind propagat ing shock l a y e r s  o r  r e l a x a t i o n  zones, a d d i t i o n a l  
m a t e r i a l  p r o p e r t i e s  may have t o  be assumed wi th in  these  reg ions .  
11. MATHEMATICAL FORMULATION 
One-dimensional motion may be descr ibed by a  s c a l a r  deformation f i e l d ,  
- 
x = x (2 ,  t )  , (2 .1 )  
where x is  t h e  ins tan taneous  p o s i t i o n  coordinate  a t  t ime 5 o f  a  gene r i c  
t ~ u c h  an "unsteady" motion, of  course ,  becomes e s s e n t i a l l y  s teady  f o r  a  
moving observer  fol lowing t h e  propagating d i s c o n t i n u i t y .  
p a r t i c l e  whose p o s i t i o n  coord ina te  a t  t = 0 was 2 .  The Lagrangian equat ion  o f  
motion and kinematic compa t ib i l i t y  condi t ion  f o r  r e c t i l i n e a r ,  one-dimensional 
motion a r e  t 
where a i s  t h e  l o n g i t u d i n a l  s t r e s s ,  and 
a r e  t h e  p a r t i c l e  v e l o c i t y  and Lagrangian s t r a i n ,  r e spec t ive ly .  The m a t e r i a l  
is  assumed t o  be i n i t i a l l y  uns t ressed  and uns t ra ined  with a cons tan t  dens i ty  p .  
In  t h i s  a n a l y s i s ,  t h e  m a t e r i a l  under cons ide ra t ion  w i l l  be  assumed t o  
fol low t h e  s p e c i a l  c o n s t i t u t i v e  r e l a t i o n  f o r  a  r a t e - s e n s i t i v e ,  e l a s t o p l a s t i c  
m a t e r i a l  gene ra l i zed  from a model suggested by Sokolovski i  [3,41, 
where f  ( ) i s  a  dimensionless  c1 func t ion  with f ( q )  > 0 f o r  q  > 0 ,  l+( ) i s  
t h e  Heaviside func t ion ,  E is t h e  modulus of  e l a s t i c i t y  which is assumed t o  be a 
-1- See, e. g .  , Courant & Fr i ed r i chs  , [7].  
constant ,  o i s  t h e  s t a t i c  y i e l d  s t r e s s ,  and y i s  a ma te r i a l  constant .  Thus, 
0 
t h e  ma te r i a l  is  assumed t o  have an e l a s t i c  range with a constant  modulus. In  
the  p l a s t i c  range,  t h e  dynamic y ie ld  s t r e s s  is  ra te - sens i t ive .  S t ra in -  
hardening e f f e c t s  a r e  not  included. Equation ( 2 . 6 )  includes t h e  well-known 
models suggested by Cowper E Symonds C81, and Perzyna [91, a s  s p e c i a l  cases.  
It is a s p e c i a l  form of a more general  c o n s t i t u t i v e  equation suggested by 
Malvern [ lo ] .  
Equations (2.2) and (2.6) a r e  t h e  b a s i c  equations describing t h e  func t ions ,  
u(2 ,  t ) ,  a, t )  , [and ~ ( 2 ,  ?)I, charac ter iz ing  t h e  one-dimensional motions t o  
be considered i n  t h i s  r epor t .  These equations may be combined i n t o  one s i n g l e ,  
second-order, nonl inear ,  hyperbolic, p a r t i a l  d i f f e r e n t i a l  equation of  the  
evolut ion type  i n  dimensionless form a s  fol lows:  
where 
is  t h e  dimensionless o v e r s t r e s s ,  
x - a x  , 
t - a c t  , 
6 ( * )  is  t h e  Dirac d e l t a  f u n c t i o n a l ,  and B > 0 is  a dimensionless cons tan t  
included he re  i n  t h e  d e f i n i t i o n  o f  a f o r  convenience. 
Ma te r i a l s  descr ibed by t h e  c o n s t i t u t i v e  r e l a t i o n  given i n  (2 .6 )  probably 
cannot support  shock l a y e r s  o r  expla in  t h e  genera t ion  o f  shockfronts .  I f  a 
shock l a y e r  is  d i s s i p a t i v e ,  t hen  genera l ized  v i s c o e l a s t i c  t h e o r i e s  and c o n s t i t u -  
t i v e  r e l a t i o n s  such a s  t h o s e  considered by Varley E Rogers [6], Coleman & 
Gurt in  [Ill, Dunwoody & Dunwoody [121, and Pipkin C51, o r  f u r t h e r  gene ra l i za -  
t i o n s  of  t h e s e  models,should be used t o  desc r ibe  it. For a t h i n  s t r a i g h t  r o d ,  
t h e  shock l a y e r  may be d i s p e r s i v e  due t o  l a t e r a l  deformationt i n s t e a d  of  due t o  
any d i s s i p a t i v e  mechanism. Such a shock t r a n s i t i o n  may be descr ibed  i n  terms o f  
a low frequency,  l a r g e  r a t e  o f  s t r a i n i n g  expansion of  a three-dimensional  
deformation f i e l d  s i m i l a r  t o  t h a t  considered by Parker E Varley C131. I n  apply- 
i ng  one of  t h e  s e l f - s i m i l a r  motions descr ibed  i n  t h i s  r e p o r t  t o  a non l inea r  wave 
motion behind a propagating shockfront ,  it w i l l  be assumed t h a t  t h e  r a t e  o f  
s t r a i n i n g  i n  t h e  shock l a y e r  is  high enough t o  al low t h e  m a t e r i a l  t o  e x h i b i t  
ins tan taneous  l i n e a r  e l a s t i c i t y t t [ l ] .  Thus, ac ros s  such a shock l a y e r ,  it w i l l  
be assumed t h a t  
t ~ h e  au tho r s  a r e  indebted t o  Professor  E. Varley f o r  a d i scuss ion  pe r t a in ing  
t o  t h i s  po in t .  
t t ~ h e  range of r a t e  of  s t r a i n i n g  wi th in  which m a t e r i a l s  e x h i b i t  ins tan taneous  
e l a s t i c i t y  v a r i e s  from one m a t e r i a l  t o  another .  There i s  usua l ly  an upper 
(and lower)  cu to f f  po in t  i n  r a t e  of  s t r a i n i n g  above (and below) which a m a t e r i a l  
may have t o  be considered v i s c o e l a s t i c .  The au thors  a r e  indebted t o  Professor  
R. S. R i v l i n  f o r  po in t ing  t h i s  out  t o  them. 
where [XI denotes  t h e  jump i n  value of  x ac ros s  t h e  shock l a y e r ,  and t h e  va lue  
of  E w i l l  b e  assumed t o  be a cons tan t  and have t h e  same va lue  a s  t h e  modulus 
of t h e  e l a s t i c  range of t h e  c o n s t i t u t i v e  r e l a t i o n  given by (2 .6) .  
From t h e  Lagrangian equat ion of  motion (2 .2)  and t h e  kinematic  compati- 
b i l i t y  cond i t i on  (2 .3) ,  two a d d i t i o n a l  jump condi t ions  r e l a t i n g  [u l  , and [ E ]  , 
can be deduced formal ly  fol lowing a technique suggested by Courant & 
Fr i ed r i chs  [7]. The r e s u l t s  a r e :  
where U i s  t h e  propagat ion speed of  t h e  shockfront .  Equations (2.14)  and 
(2.15) can a l s o  be deduced from phys i ca l  arguments d i r e c t l y .  The jump condi- 
t i o n s ,  (2 .13) - (2 .15) ,  i n d i c a t e  t h a t  t h e  speed o f  propagat ion o f  a shock l a y e r  
of a m a t e r i a l  e x h i b i t i n g  ins tan taneous  e l a s t i c i t y  i s  
which is ,  i n  f a c t ,  t h e  same a s  t h e  e l a s t i c  speed o f  propagat ion o f  small 
d is turbances .  
In  applying t h e  cons tan t  speed s o l u t i o n s  t o  t h e  "unsteadytt  motion behind 
a propagat ing d i s c o n t i n u i t y  which moves a t  a cons tan t  s u b - e l a s t i c  speed ,  it 
w i l l  be  assumed t h a t  t h e r e  i s  an e l a s t i c  precurser  and an unloading, r e l a x a t i o n  
zone, o r  a constant s t r e s s  region,ahead of  t h e  d iscont inui ty .  The d e t a i l s  of  
t h e  unsteady motion of  a r e l axa t ion  zone ahead of such a d i scon t inu i ty  may be 
very complicated and w i l l  not  be considered i n  t h i s  r epor t .  
111. A CLASS OF SELF-SIMILAR SOLUTIONS 
Cowper E Symonds [81 proposed, i n  1957, a power law, 
where 6 > 0 is  a dimensionless ma te r i a l  cons tant ,  t o  describe the  r a t e -  
s e n s i t i v i t y  of pe r fec t ly  p l a s t i c  mater ia ls .  This law seems t o  be q u i t e  ade- 
quate i n  approximating t h e  dynamic responses of c e r t a i n  m e t a l l i c  a l l o y s  [14,151 
under moderately high r a t e s  of s t r a i n i n g .  Recent inves t iga to r s  [16-201 have 
applied t h i s  model t o  impulsively loaded beams, rods ,  and p l a t e s .  The c l a s s  of 
s e l f - s i m i l a r  so lu t ions  described i n  t h i s  repor t  i s  based on t h e  c o n s t i t u t i v e  
r e l a t i o n  (2.6) and t h e  s p e c i a l  form of f ( a )  given by (3 .1) .  Under these  con- 
s t i t u t i v e  assumptions, E q .  (2.7) may be expressed as follows : 
where 
and subsc r ip t s  denote p a r t i a l  d i f f e r e n t i a t i o n .  The constant B which appeared 
i n  t h e  d e f i n i t i o n  of a i n  (2.12) has been replaced by t h e  ma te r i a l  constant 6 .  
Consider a  one-parameter continuous group of t ransformations defined by 
where b is  t h e  parameter,  and m,n a r e  constants .  It can be shown t h a t  f o r  
t h e  s p e c i a l  case of m = 1, n = 1 / ( 1  - S ) ,  
where it i s  assumed t h a t  6 # 1. For 6 = 1, Eq. (3.2)  i s  l i n e a r  and t h e  
a n a l y t i c a l  so lu t ion  has been discussed i n  d e t a i l  by Malvern [ lo] .  Thus, I$ 
is  a constant  conformal invar iant  under t h e  group defined by E q s .  (3.4)  and 
(3.5)  with m = 1, and n = 1 / ( 1  - 6).  According t o  a theorem proven by 
Morgan [21], t h e  so lu t ion  t o  Eq. (3.2) may be expressed i n  terms of a  function 
F ( 6 )  of an absolute  invar i an t  5 of the  transformation group defined by 
(X, T) = (bx, b t )  . (3 .7)  
The funct ion  F(<)  i s  an absolute invar iant  of t h e  transformation group defined 
It w i l l  be s t ra ight forward  t o  v e r i f y  t h a t  
a r e  absolute  i n v a r i a n t s  of the  groups defined by Eqs. (3 .7)  and ( 3 . 8 ) ,  
respect ive ly .  Thus, t h e r e  e x i s t s  a c l a s s  of  s e l f - s i m i l a r  so lu t ions  t o  
Eq. (3.2)  of t h e  form 
where 5 i s  given by (3 .9 ) .  
Subs t i tu t ing  Eq. (3.11) i n t o  Eq. (3.2)  and using Eq. (3.31, a nonl inear ,  
second-order ordinary d i f f e r e n t i a l  equation r e s u l t s .  For a > 0 ,  t h i s  equation 
i s  express ib le  a s  fol lows:  
where prime denotes d i f f e r e n t i a t i o n .  
For t h e  s p e c i a l  case of 6 = 2 ,  Eq. (3.12) is  immediately in teg rab le  t o  
t h e  following Ricca t i  equation: 
where K i s  an a r b i t r a r y  constant .  This equation may be converted i n t o  a 
l i n e a r ,  second-order, ordinary d i f f e r e n t i a l  equation by t h e  following 
transformat ion : 
F ( 5 '  ) (5' - l ) r  V(Z) = Exp [- $ 1 -d S g  , 
5''-1 
The r e s u l t  i s :  
where r s a t i s f i e s  t h e  q u a d r a t i c  equat ion ,  
Equation (3.16)  has  t h r e e  r e g u l a r  s i n g u l a r  p o i n t s  a t  z  = 0 ,  1, and 
The s o l u t i o n s  t o  t h i s  equat ion a r e  exp res s ib l e  i n  terms o f  hypergeometric 
func t ions .  For 5 > 1, t h e  appropr i a t e  gene ra l  s o l u t i o n  t o  (3.16)  i s ,  i n  t h e  
usua l  n o t a t  i o n ,  
where C is an a r b i t r a r y  cons tan t .  Thus, from Eq. (3 .14) ,  t h e  corresponding 
express ion  f o r  F(5)  is 
The express ion  (3.19)  f o r  F(5)  assumes some p a r t i c u l a r l y  simple forms i n  
terms of  elementary func t ions  f o r  s p e c i a l  va lues  o f  K.  A s  examples, t y p i c a l  
express ions  f o r  F(5)  and o ( x ,  t )  f o r  two d i f f e r e n t  va lues  of  K a r e  l i s t e d  
below : 
In t h e s e  exp res s ions ,  A l  , A2 , and A a r e  a r b i t r a r y  cons t an t s .  3 
I t  is i n t e r e s t i n g  t o  no te  t h a t  t h e  s o l u t i o n  given by (3.21)  is i n v a r i a n t  
under t h e  t r a n s l a t i o n  de f ined  by ( x ' ,  t ' )  = ( x  t a ,  t t a ) ,  where a  is an 
a r b i t r a r y  cons tan t .  This  proper ty  w i l l  be u t i l i z e d  i n  Sect ion V t o  d e r i v e  a  
closed form s o l u t i o n  of  a s e l f - s i m i l a r ,  unsteady,  d i spe r sed ,  nonl inear  wave 
motion behind a  cons tan t  "e las t ic -speed"  shockfront  propagat ing i n t o  an 
i n i t i a l l y  quiescent  reg ion .  
I V .  NONLINEAR WAVES WITH CONSTANT SPEEDS 
Equation (2 .7 )  i s  a  non l inea r ,  hyperbol ic  d i f f e r e n t i a l  equat ion of t h e  
evo lu t ion  type .  The c h a r a c t e r i s t i c  speeds r e l a t e d  t o  t h i s  equat ion a r e  given 
by Y 
where D+ ( * )/D? and D+ ( * )/Dt denote d i f f e r e n t i a t i o n  along t h e  c h a r a c t e r i s t i c s .  
- - 
Due t o  t h e  presence of  t h e  evolu t ion  o r  d i s s i p a t i v e  te rm,  
[ l + ( o )  d f (o ) /do  + 6 ( 0 )  f ( 0 ) l  a o / a t ,  i n  Eq. (2 .71 ,  it is expected t h a t ,  i n  t h e  
p l a s t i c  r ange ,  t h e  m a t e r i a l  can a l s o  support  d i s s i p a t i v e ,  d i s p e r s i v e  waves i n  
a d d i t i o n  t o  t h e  c h a r a c t e r i s t i c  propagat ions o f  d i s c o n t i n u i t i e s  given by 
Eqc (4 .1)  o r  ( 4 . 2 ) .  To demonstrate t h e  ex i s t ence  of  n o n - c h a r a c t e r i s t i c  propa- 
g a t i o n s ,  a  c l a s s  of cons tan t  speed s o l u t i o n s  t o  Eq. (2 .7 )  is considered i n  
t h i s  s e c t i o n .  This c l a s s  of  s o l u t i o n s  is obtained by searching  f o r  expressions 
of t h e  form: 
where, 
and c :: cons tan t  determines t h e  speed of propagation. 
S u b s t i t u t i n g  Eq. ( 4 . 3 )  i n t o  Eq. (2 .7  ) , a  n o n l i n e a r ,  second-order , ord ina ry  
d i f f e r e n t i a l  equat ion r e s u l t s :  
where primes denote d i f f e r e n t i a t i o n .  This  equat ion can be i n t e g r a t e d  once 
immediately t o  y i e l d ,  
where A i s  an a r b i t r a r y  cons tan t .  Actua l ly ,  t h e  f a c t  t h a t  Eq. ( 4 . 5 )  can be  
i n t e g r a t e d  once i n  closed form i s  not  due t o  t h e  s p e c i a l  choice of t h e  c o n s t i -  
t u t i v e  equa t ion ,  ( 2 . 6 ) ,  s i n c e ,  by assuming s o l u t i o n s  of  constant  speeds o f  
propagat ion,  Eq. ( 2 . 2 )  can be i n t e g r a t e d  a t  once without  making any a d d i t i o n a l  
assumptions. By comparing t h e  express ion  (4 .6)  with t h e  b a s i c  equat ions ,  
(2 .2 )  and (2.61,  it is  e a s i l y  demonstrated t h a t  A = 0. Thus, 
f o r  constant  speeds of propagat ion.  
If g  < 0 ,  then  Eq. ( 4 . 7 )  becomes, 
Except f o r  t h e  t r i v i a l  case  of g  = cons t an t ,  Eq. (4 .8)  r e q u i r e s  t h a t  c  = r t l ,  
which of course i s  t h e  e l a s t i c  speed of propagation. For g  > 0, Eq. (4 .7 )  
r e q u i r e s  t h a t  
- 2 
( i )  c  < 1, f o r  ( g l / c )  > o , ( 4 . 9 )  
- ( i i )  c  > 1, f o r  (g ' /C )  < 0 . (4 .10)  
2 
Thus, f o r  t h e  phys i ca l l y  more meaningful case  of  c < 1, t h e  o v e r s t r e s s  may 
i n c r e a s e  o r  decrease  wi th  s depending on whether c > 0 o r  < 0. 
Equations ( 4 . 9 )  and (4 .10)  a l s o  i n d i c a t e  t h a t  i f  s o l u t i o n s  f o r  g  > 0 e x i s t ,  
t h e  waves r ep re sen t ed  by t h e s e  s o l u t i o n s  a r e  not  c h a r a c t e r i s t i c  propagat ions.  
On s e t t i n g  h  = g ' ,  Eq. ( 4 . 5 )  f o r  g  > 0 may be w r i t t e n  a s  
Since f(g) is  a  c1 f u n c t i o n ,  Eq. (4 .11)  does no t  have any s i n g u l a r  p o i n t s .  
Thus, according t o  Poincar6-Bendixon theorem, it may be  concluded t h a t  
Eq. ( 4 . 1 1 ) ,  i n  g e n e r a l ,  does no t  possess  p e r i o d i c  s o l u t i o n s .  
For g  > 0 ,  Eq. (4 .7 )  may be i n t e g r a t e d ,  i n  g e n e r a l ,  by quadra ture  a s  
fo l lows  : 
where C '  is  an a r b i t r a r y  cons t an t .  
Perzyna [9]  i n  1963, suggested two i n t e r e s t i n g  express ions  f o r  f ( 5 ) .  
I n  s l i g h t l y  gene ra l i zed  forms, t h e s e  express ions  a r e  g iven  a s  fo l lows:  
where a  b  a r e  cons t an t s .  Expression ( i )  o r  Eq .  (4 .13)  inc ludes  t h e  model L 9  L 
6 6 
f ( 5 )  = 5 suggested by Cowper E Symonds [ 8 ]  a s  a  s p e c i a l  case.  For F (5 )  = 5  , 
and 6 + 1, Eq .  (4 .12)  becomes, 
where g l  = g ( s l ) ,  s l  i s  a  cons t an t ,  and B has  been chosen a s  b  1 
Another s imple r e s u l t  i s  obtained f o r  t h e  c o n s t i t u t i v e  r e l a t i o n  ( i i )  o r  
E q .  (4 .14)  wi th  L = 1. The i n t e g r a t e d  express ion  is  
where, aga in ,  g  = g ( s l ) ,  s l  is a  c o n s t a n t ,  and B has been chosen as b  1 1 ' 
I t  is o f  i n t e r e s t  t o  no t e  t h a t  f o r  t h e  c o n s t i t u t i v e  r e l a t i o n  ( i )  o r  
Eq.  ( 4 . 1 3 ) ,  t h e  i n t e g r a l  i n  Eq.  (4.12) can always be eva lua ted  i n  c losed  form. 
It is known t h a t  any r e a l  polynomial can be expressed a s  a  product of f a c t o r s ,  
k  
of  which t y p i c a l  terms a r e  ( a  5  t a?) and (Blc2 + 2B25 + 83)P3  where a 
6 a r e  r e a l  c o n s t a n t s ,  a19 a 2 ,  @ I )  B 2 ,  62 < B I B 3  and k ,p  a r e  r e a l  p o s i t i v e  
i n t e g e r s .  Thus, f - I ( < )  may be expressed i n  t h e  form: 
where c  d  , and e  a r e  r e a l  cons t an t s .  
k' P  P  
The i n t e g r a l s  from t h e  f i r s t  summation a r e  of  t h e  type :  
which g i v e s ,  
The i n t e g r a l s  from t h e  second summation a r e  of t h e  type :  
The f i r s t  i n t e g r a l  i n  Eq .  (4 .20)  g ives :  
The second i n t e g r a l  can be reduced a s  fo l lows:  
and t h e  i n t e g r a l ,  
can be eva lua ted  from t h e  r ecu r s ion  r e l a t i o n :  
- 1 
with I = t a n  y.  The e n t i r e  i n t e g r a l  i n  Eq. (4 .12)  can ,  t h e r e f o r e ,  be 1 
evalua ted  i n  c losed  form i n  terms of  elementary func t ions .  
V. NONLINEAR WAVE MOTION BEHIND PROPAGATING DISCONTINUITIES 
5.1. Se l f - s imi l a r  s o l u t i o n  behind a c o n s t a n t - s ~ e e d  shockfront .  
Consider a one-dimensional shockfront  propagat ing a t  some speed U(>O) 
i n t o  an i n i t i a l l y  quiescent  one-dimensional reg ion  (x > 0). A s  it had been 
remarked e a r l i e r ,  i f  t h e  range of  t h e  r a t e  of  s t r a i n i n g  wi th in  t h e  shock 
l a y e r  r ende r s  t h e  m a t e r i a l  t o  e x h i b i t  ins tan taneous  l i n e a r  e l a s t i c i t y ,  t hen  
t h e  shockfront  w i l l  propagate a t  a cons tan t  speed,  
where E i s  t h e  ins tan taneous  modulus of e l a s t i c i t y .  If t h e  value of  E is  
chosen t o  be t h e  same a s  t h e  modulus of t h e  e l a s t i c  range o f  t h e  c o n s t i t u t i v e  
equa t ion ,  (2.6), t hen  t h e  shock speed has  t h e  same va lue  a s  t h e  c h a r a c t e r i s t i c  
speed D X/D?  g iven by Eq. ( 4 . 1 ) .  Under such an assumption, t h e  va lues  of  u  
t 
and 5 immediately behind t h e  shock l a y e r  must s a t i s f y  t h e  c h a r a c t e r i s t i c  
compa t ib i l i t y  cond i t i on  [ lo ] :  
do - pcdu = - ~ y f ( o / o ~  - l ) l t ( o / o o  - 1 )  d t  , ( 5 . 2 )  
where c  = U = . 
- 
The va lues  o f  u ,  o,  and E ,  immediately behind t h e  shock l a y e r  must a l s o  
- 
s a t i s f y  t h e  jump cond i t i ons  given by Eqs. (2 .13)  t o  (2 .15 ) .  Since u ,  o  = 0 
i n  t h e  qu iescent  r eg ion  i n  f r o n t  o f  t h e  shock l a y e r ,  Eq. (2 .14)  r e q u i r e s  t h a t ,  
immediately behind t h e  shock l a y e r .  Combining Eqs. ( 5 . 2 )  and ( 5 . 3 ) ,  t h e  
fo l lowing  d i f f e r e n t i a l  equat ion r e s u l t s :  
where a s  be fo re ,  o  : (;/a - 1) and t I a c t  wi th  a  2 f3yG/oo .  Equation ( 5 . 4 )  
0 
i n d i c a t e s  t h a t ,  i f  a  > 0 ,  t hen  t h e  o v e r s t r e s s  immediately behind t h e  shockfront  
always a t t e n u a t e s  wi th  t ime  along t h e  shock. 
Assuming t h a t  a  > 0 behind t h e  shockf ront ,  Eq. ( 5 . 4 )  can be i n t e g r a t e d  by 
quadra ture  a s  fo l l ows :  
where t h e  i n t e g r a l  i s  i d e n t i c a l  t o  t h a t  of  Eq. (4 .12 ) .  Thus, closed-form 
s o l u t i o n s  o f  Eq. (5 .5 )  a r e  p o s s i b l e  f o r  s p e c i a l  c o n s t i t u t i v e  assumptions.  
6 For f ( < )  = 5 with  6 # 1, Eq .  ( 5 . 5 )  becomes 
where o E o(O), and f3 has  been chosen a s  6 .  Therefore ,  t h e  o v e r s t r e s s  1 
immediately behind t h e  shock a t t e n u a t e s  monotonically wi th  t ime  along t h e  
shockfront  from o = ol  a t  t = 0 t o  a  = 0 a t  t 
I t  i s  i n t e r e s t i n g  t o  no t e  t h a t  f o r  6 = 2 ,  Eq.  ( 5 . 6 )  can be  s a t i s f i e d  
by one of  t h e  s e l f - s i m i l a r  s o l u t i o n s  given i n  Sec t ion  111: 
where n = ( t  t a ) / ( x  t a ) ,  and a ,  A a r e  cons t an t s .  To s a t i s f y  t h e  compati- 1 
b i l i t y  cond i t i on  (5 .6 )  f o r  6 = 2,  t h e  cons tan t  a i n  (5 .7 )  must be chosen a s  
fol_lows : 
Therefore ,  t h e  dimensionless  o v e r s t r e s s  o ( x ,  t) behind t h e  shockf ront  i s  
given by,  
and t h e  s t r e s s  boundary condi t ion  a t  x  = 0 i s ,  
The behavior  o f  t h i s  func t ion  f o r  va r ious  va lues  o f  A i s  shown i n  Fig.  1. 
1 
In  dimensional forms,  t h e  r e s u l t i n g  express ions  f o r  o ( % ,  .f ) , u ( ? ,  t )  , 
and E(X, .f ) f o r  t h i s  case  a r e  given a s  fol lows : 
where 
and B i s  a  cons tan t .  The behavior of t h e  func t ions  u (0 ,  f )  and ~ ( 0 ,  t )  f o r  
var ious  va lues  of A a r e  i nd ica t ed  i n  F igs .  2 and 3. I t  i s  of  i n t e r e s t  t o  
1 
no te  t h a t  ( 5 . 1 3 )  y i e l d s  a  permanent s t r a i n  E given  by 
P 
5.2.  Constant speed s o l u t i o n  behind an e l a s t i c  p r ecu r se r .  
Duvall  C221 suggested t h a t  t h e  one-dimensional,  unsteady motion i n  a  
s e m i - i n f i n i t e  ( x  b 01, r a t e - s e n s i t i v e ,  e l a s t o p l a s t i c  r eg ion  genera ted  by a  
cont inuously app l i ed  load  a t  i t s  boundary (x = 0)  may even tua l ly  c o n s i s t  o f  
an e l a s t i c  p r ecu r se r  propagat ing i n t o  an i n i t i a l l y  qu iescent  r e g i o n ,  an un- 
l oad ing ,  r e l a x a t i o n  zone, and a  s u b - e l a s t i c ,  constant-speed,  non l inea r  wave 
motion a s  dep ic t ed  i n  Fig.  4. Af t e r  a  reasonable  l eng th  of  t ime ,  t h e  e l a s t i c  
p r ecu r se r  w i l l  be f a r  ahead o f  t h e  l ead ing  wave o f  t h e  cons tan t  speed r eg ion  
and t h e  boundary o f  x  = 0 w i l l  be f a r  behind it. Re la t i ve  t o  an observer  
moving wi th  t h e  l ead ing  wave of  t h e  cons tan t  speed r e g i o n ,  t h e  unsteady motion 
behind t h e  l ead ing  wave becomes e s s e n t i a l l y  s t eady .  
Any of t h e  constant-speed,  non l inea r  wave s o l u t i o n s  desc r ibed  by Eq. (4 .12)  
i n  Sec. I V  wi th  c < 1 may be  considered a s  a  constant-speed p o r t i o n  o f  such an 
"unsteady" motion. If t h e  o v e r s t r e s s  on t h e  l ead ing  wave s = s i s  o > 0 ,  1  1 
then  t h e  quadra ture  exp re s s ion ,  ( 4 . 1 2 ) ,  becomes, 
- 2  a -1 
s - s = CB(1 - c ) / c l  I f ( < )  dG , 1 (5 .16)  
a 
1 
- 
where s I ct  - x ,  and c < 1. From Eq. (5 .16 ) ,  t h e  s t r e s s  boundary condi t ion  
r e q u i r e d  t o  maintain t h e  constant-speed motion can be eva lua ted  i n  a s t r a i g h t -  
forward manner. 
I t  i s  of i n t e r e s t  t o  n o t e  t h a t ,  i f  t h e  i n i t i a l  r a t e  o f  load ing  o f  t h e  
app l i ed  s t r e s s  a t  t h e  boundary is  no t  t o o  high such t h a t  t h e  t ime r equ i r ed  t o  
r a i s e  t h e  s t r e s s  a from zero t o  t h e  va lue  o f  t h e  s t a t i c  y i e l d  s t r e s s  a i s  
0 
much longe r  t han  t h e  p e r t i n e n t  c h a r a c t e r i s t i c  r e l a x a t i o n  t ime  of  t h e  medium, 
then  a  complete d e s c r i p t i o n  o f  a  pos s ib l e  non l inea r  wave motion f o r  a  cont inu-  
ous ly  load ing  boundary may be cons t ruc ted  e x a c t l y .  Figure 5 i s  a  schematic  
r e p r e s e n t a t i o n  of such a  motion. I t  c o n s i s t s  of f o u r  s o l u t i o n  r eg ions  separa-  
t e d  by t h r e e  d i s c o n t i n u i t i e s  descr ibed  a s  fo l lows:  
( 1 )  So lu t ion  Regions 
- 
R1: t h e  undis turbed  r eg ion ,  a = 0 
- 
R2: t h e  e l a s t i c  r eg ion ,  o < o 0 
- 
R3: t h e  cons tan t  s t r e s s  r e g i o n ,  a = a 0 
- 
Rq: t h e  cons tan t  speed s o l u t i o n  r e g i o n ,  o > o . 0 
( 2 )  D i s c o n t i n u i t i e s  
s . t h e  l ead ing  e l a s t i c  wave 1 ' 
s - t h e  t r a i l i n g  e l a s t i c  wave 2 ' 
s t h e  l ead ing  cons tan t  speed wave. 3 ' 
Such an unsteady motion may be genera ted  by a  monotonically i nc reas ing  
s t r e s s  boundary condi t ion .  The manner i n  which t h e  s t r e s s  v a r i e s  a t  t h e  
boundary i n  t h e  e l a s t i c  range can be q u i t e  a r b i t r a r y  ( s o  long a s  t h e  r a t e  o f  
load ing  i s  smal l  enough s o  t h a t  t h e r e  w i l l  be  no dynamic o v e r s t r e s s i n g  i n  t h e  
e l a s t i c  p r e c u r s e r )  and has  been chosen a s  a  l i n e a r  func t ion  of  t i n  Fig.  5 f o r  
s i m p l i c i t y ,  while  t h e  r a t e  of  s t r e s s i n g  beyond t h e  s t a t i c  y i e l d  s t r e s s  must 
fol low t h e  express ion  given i n  Eq. (4 .12)  o r  t h e  d i f f e r e n t i a l  equa t ion ,  ( 4 . 7 ) .  
It is  c l e a r  from Eq .  ( 4 . 7 )  t h a t  n o n t r i v i a l  s o l u t i o n s  i n  R can be generated 4 
from a  leading  wave s on which t h e  s t r e s s  is a = 0  only i f  f ( 0 )  > 0. The 3 
va lue  o f  f ( 0 )  can be a r b i t r a r i l y  small .  A l t e r n a t i v e l y ,  i f  f ( 0 )  = 0 f o r  a  
s p e c i f i c  c o n s t i t u t i v e  r e l a t i o n ,  a  s o l u t i o n  such a s  t h e  one depected by Fig. 5 
can s t i l l  be generated by viewing s 3  a s  a small d i s c o n t i n u i t y  i n  t h e  va lue  of  
a such t h a t  t h e  o v e r s t r e s s  jumps ac ros s  t h i s  " p l a s t i c  shock" from zero  t o  some 
smal l  cons tan t  p o s i t i v e  va lue  a << 1. The jump i n  a from 0  t o  a a t  t h e  
1 1 
boundary of  2 = 0 may be viewed a s  t h e  r e s u l t  o f  a  very f a s t  r a t e  o f  loading r 
i n  a  smal l  i n t e r v a l  of t ime A? near  t = ? such t h a t  l i m  ( r  A?) = o = 
0 1 
A t-to 
= ( 1  + q )uo and 0  < cr 1. The f a c t  t h a t  = a i n  R i s  an admissible  1 0 3 
s o l u t i o n  can be deduced immediately from E q .  ( 4 . 7 ) .  
REFERENCES 
R i v l i n ,  R.  S . ,  1956 ,  Q. Appl. Math., - 1 4 ,  83. 
C r i s t e s c u ,  N .  , 1967,  "Dynamic P l a s t i c i t y  ," North-Holland , Amsterdam. 
S o k o l o v s k i i ,  V.  V . ,  1948,  Dokl. Akad. Nauk SSSR, - 6 0 ,  775. 
S o k o l o v s k i i ,  V .  V . ,  1948,  P r i k l .  Mat. Mech., - 1 2 ,  261. 
P i p k i n ,  A .  C . ,  1965,  Q. Appl. Math. ,  - 23,  297. 
Var ley ,  E .  and T. G .  Rogers ,  1967,  Proc.  Roy. Soc. (London),  S e r .  A ,  
296,  498. 
-
Couran t ,  R. and K .  0. F r i e d r i c h s ,  1948 ,  "Superson ic  Flow and Shock Waves," 
I n t e r s c i , e n c e ,  New York. 
Cowper, G .  R .  and P .  S. Symonds, 1957 ,  T e c h n i c a l  Report  No. 28,  C o n t r a c t  
Nonr 562 (101 ,  Brown U n i v e r s i t y ,  P rov idence ,  R .  I .  
Perzyna,  P . ,  1963 ,  Arch. Mech. S t o s . ,  1 5 ,  113.  
-
Malvern,  L. E . ,  1951,  Q. Appl. Math. ,  - 8 ,  405. 
Coleman, B. D .  and M .  E.  G u r t i n ,  1968,  Proc.  IUTAM Symp. Vienna,  5 4 ,  
Spr inger -Ver lag ,  New York. 
Dunwoody, J .  and i:, Dunwoody, 1965,  I n t .  J .  Engr.  S c i . ,  3 ,  417. 
- 
P a r k e r ,  D .  F. and E. V a r l e y ,  1968,  Q .  J .  Mech. Appl. Math. ,  2 1 ( 3 ) ,  329. 
Manjoine,  M .  J . ,  1944 ,  J .  Appl. Mech., 11, 211. 
-
P a r k e s ,  E .  W . ,  1958 ,  Proc.  I n s t .  C i v i l  E n g i n e e r s ,  1 0 ,  277. 
-
16. Bodner, S. R.  and P. S. Symonds, 1960 ,  Proc.  2nd Symp. Nav. S t r u c .  Mech., 488, 
Pergamon P r e s s ,  Oxford. 
17. T ing ,  T. C.  T. and P .  S. Symonds, 1962, Proc.  4 th  U.  S .  N a t l .  Congr. Appl. 
Mech., 1153. 
18.  Bodner, S. R .  and P. S. Symonds, 1962, J .  Appl. Mech., 29 ,  719. 
-
19.  Ting,  T. C.  T. , 1963,  Q .  Appl. Math. 21 ,  133. 
-
20. P e r r o n e ,  N . ,  1965, J. Appl. Mech., 32, 489. 
-
21. Morgan, A. J .  A . ,  1952,  Q .  J .  Math, 2 ,  250. 
- 
22. Duva l l ,  G.  E . ,  1964, Proc.  I U T A M  Symp. S t r e s s  Waves i n  A n e l a s t i c  S o l i d s ,  
20,  Spr inger -Ver lag  , New York. 
F
ig
ur
e 
1
. 
V
ar
ia
ti
on
 o
f 
u
/a
l 
w
it
h
 a
lt
/4
 a
t 
=
 
0
. 
F
ig
ur
e 
2.
 
V
ar
ia
ti
on
 o
f 
-
[p
cu
/o
o 
t 
ll
/o
l 
w
it
h 
o
lt
/4
 a
t 
X 
=
 
0.
 
F
ig
ur
e 
3.
 
V
ar
ia
ti
on
 o
f 
[p
c2
~/
oo
 
-
 
l]
/a
l 
w
it
h 
o
lt
/4
 a
t 
X 
=
 
0.
 
F
ig
ur
e 
4.
 
Sc
he
m
at
ic
 r
e
p
re
se
n
ta
ti
on
 o
f 
a
 n
o
n
li
ne
ar
 w
a
v
e
 
m
o
ti
on
 b
eh
in
d 
a
 
r
e
la
xa
ti
on
 z
o
n
e
. 
(1
) 
qu
ie
sc
en
t 
r
e
g
io
n,
 (
2)
 e
la
st
ic
 p
re
cu
rs
er
 ,
 
(3
) r
e
la
x
at
io
n
 
z
o
n
e
, 
(4
) 
s
u
b-
el
as
ti
c,
 
c
o
n
s
ta
n
t 
s
pe
ed
 r
e
gi
on
. 
F
ig
ur
e 
5.
 
Sc
he
m
at
ic
 r
e
pr
es
en
ta
ti
on
 o
f 
a
 p
os
si
bl
e 
n
o
n
li
ne
ar
 K
av
e 
m
o
ti
on
 d
ue
 t
o
 a
 
c
o
n
ti
nu
ou
sl
y 
lo
ad
in
g 
bo
un
da
ry
 
a
t 
X 
=
 
0
. 
DISTRIBUTION LIST: THEMIS REPORTS 
A d m i n i s t r a t i v e  & L i a i s o p  A c t i v i t i e s  
Chief of Naval Research 
Department of t h e  Navy 
Washington, D. C. 20360 
A t t n :  Code 423 
4 39 
468 (2) 
D i r e c t o r  
ONR Branch O f f i c e  
495 Summer S t r e e t  
Boston,  Massachuse t t s  02210 
D i r e c t o r  
ONR Branch O f f i c e  
219 S. Dearborn S t r e e t  
Chicago, I l l i n o i s  60604 
Commanding O f f i c e r  
ONR Branch O f f i c e  
Box 39,  Navy 100 
c / o  F l e e t  P o s t  O f f i c e  
New York, New York 09510 (5) 
Commanding O f f i c e r  
ONR Branch O f f i c e  
207 West 24 th  S t r e e t  
New York, New York 10011 
D i r e c t o r  
ONR Branch O f f i c e  
1030 E. Green S t r e e t  
Pasadena,  C a l i f o r n i a  91101 
U. S. Naval Research Laboratory  
A t t n :  T e c h n i c a l  In format ion  
Washington, D. C. 20390 (6) 
Defense Documentation Center  
Cameron S t a t i o n  
Alexandr ia ,  V i r g i n i a  22314 (20) 
Army 
Commanding O f f i c e r  
U. s. Army Research Off.  Durham 
A t t n :  M r .  J .  J.  Murray 
CRD- AA- I P  
Box CM, Duke S t a t i o n  
Durham, North C a r o l i n a  27706 
Commanding O f f i c e r  
AMXMR-ATL 
A t t n :  M r .  J. Bluhm 
U. S. Army M a t e r i a l s  Res, Agcy. 
Watertown, Massachuse t t s  02172 
W a t e r v l i e t  Arsena l  
MAGGS Research Cente r  
W a t e r v l i e t ,  New York 
At tn :  D i r e c t o r  of Research 
Redstone S c i e n t i f i c  I n f o .  Center  
C h i e f ,  Document S e c t i o n  
U.  S. Army M i s s i l e  Command 
Redstone Arsena l ,  Alabama 35809 
Army R & D Cente r  
F o r t  B e l v o i r ,  V i r g i n i a  22060 
Technica l  L i b r a r y  
Aberdeen Proving Ground 
Aberdeen, Maryland 21005 
Navy 
Commanding O f f i c e r  and D i r e c t o r  
Naval Ship Research & Development Center  
Washington, D.  C. 20007 
A t t n :  Code 042 (Tech. Lib.  Br . )  
700 ( S t r u c .  Mech. Lab.) 
7 20 
725 
800 (Appl. Math. Lab.) 
012.2 (Mr. W.  J .  S e t t e )  
901 (Dr. M. S t r a s s b e r g )  
941 (Dr. R. Liebowitz)  
945 (Dr. W. S. Cramer) 
960 (Mr. E. F. Noonan) 
962 (Dr. E. Buchman) 
A e r o n a u t i c a l  S t r u c t u r e s  Lab 
Naval A i r  Engineer ing Center  
Naval Base,  P h i l a d e l p h i a ,  Pa. 19112 
Naval Weapons Laboratory  
Dahlgren,  V i r g i n i a  22448 
Naval Research Laboratory  
Washington, D. C .  20390 
A t t n :  Code 8400 
8430 
8440 
Undersea Explos ion  Research Div. 
Naval Sh ip  R & D Center  
Norfolk  Naval Shipyard 
Por tsmouth,  V i r g i n i a  23709 
A t t n :  M r .  D. S. Cohen 
Code 780 
Nav. Ship  R & D Center  
Annapolis  D i v i s i o n  
Code 257, L i b r a r y  
Annapol is ,  ~ a r y l a n d  21402 
T e c h n i c a l  L i b r a r y  
Naval Underwater Weapons Center  
Pasadena Annex 
3202 E. F o o t h i l l  Blvd. 
Pasadena,  C a l i f o r n i a  91107 
U. S. Naval Weapons Center  
China Lade,  C a l i f o r n i s  93557 
At tn :  Code 4062 M r .  W .  Werback 
4520 M r .  Ken B i s c h e l  
Naval Research Laboratory  
Washington, D. C. 20390 
A t t n :  Code 8400 Ocean Tech. Div. 
8440 Ocean S t r u c t u r e s  
6300 Meta l lu rgy  Div. 
6305 D r .  J. K r a f f t  
Commanding o f f i c e r  
U. S. Naval C i v i l  Engr. Lab. 
Code L31 
P o r t  Hueneme, C a l i f o r n i a  93041 
Shipyard Technica l  L i b r a r y  
Code 242 L 
Portsmouth Naval Shipyard 
Por tsmouth,  New Hampshire 03804 
U. S. Naval E l e c t r o n i c s  Laboratory  
A t t n :  D r .  R. J.  C h r i s t e n s e n  
San Diego, C a l i f o r n i a  92152 
U. S. Naval Ordnance Labora to ry  
Mechanics D i v i s i o n  
RFD 1, White Oak 
S i l v e r  Spr ing ,  Maryland 20910 
U. S. Naval Ordnance Laboratory  
At tn :  M r .  H. A. P e r r y ,  Jr. 
Non-Metallic M a t e r i a l s  D i v i s i o n  
S i l v e r  S p r i n g ,  Maryland 20910 
Superv i sor  of S h i p b u i l d i n g  
U. S. Navy 
Newport News, V i r g i n i a  23607 
Shipyard T e c h n i c a l  L i b r a r y  
Bui ld ing  746, Code 303TL 
Mare I s l a n d  Naval Shipyard 
V a l l e j o ,  C a l i f o r n i a  94592 
U. S. Navy Underwater Sound Ref. Lab. 
O f f i c e  of Naval Research 
P. 0 .  Box 8337 
Orlando,  F l o r i d a  32806 
Technica l  L i b r a r y  
U.  S. Naval Ordnance S t a t i d n  
I n d i a n  Head, Maryland 20640 
U. S. Naval Ordnance S t a t i o n  
A t t n ;  M r .  G a r e t  B o r n s t e i n  
Research & Development D i v i s i o n  
I n d i a n  Head, Maryland 20640 
Chief of Naval Opera t ion  
Department of t h e  Navy 
Washington, D. C .  20350 
A t t n :  Code Op-03EG 
Op-07T 
S p e c i a l  P r o j e c t s  O f f i c e  
(CNM-PM-1) (MUN) 
Department of t h e  Navy 
Washington, D.  C.  20360 
A t t n :  NSP-001 D r .  J .  P. Craven 
Deep Submergence Sys . P r o j e c t  
(CNM-PM-11) 
6900 Wisconsin Ave. 
Chevy Chase, Md. 20015 
At tn :  PM-1120 A.  Hersh 
U. S. Naval Appl ied Sc ience  Lab. 
Code 9832 
Technica l  L i b r a r y  
Bui lding 291, Naval Base 
Brooklyn, New York 11251 
D i r e c t o r  A e r o n a u t i c a l  M a t e r i a l s  Lab. 
Naval A i r  Eng ineer ing  Center  
Naval Base 
P h i l a d e l p h i a ,  Pennsy lvan ia  19112 
Naval A i r  Systems Command 
Department of t h e  Navy 
Washington, D. C. 20360 
At tn :  NAIR 0 3  Res. & Technology 
320 Aero. & S t r u c t u r e s  
5320 S t r u c t u r e s  
604 Tech. L i b r a r y  
Wright-Pat terson AFB ( c o n t r d )  
A t t n :  S t r u c t u r e s  Div i scon  
AFLC (MCEEA) 
Code WWRC 
AFML (MAAM) 
Code WCLSY 
SEG (SEFSD, M r .  Lakin)  
Naval F a c i l i t i e s  Engineer ing  Commander 
Command C h i e f ,  Appl ied Mechanics Group 
Department of t h e  Navy U.  S. A i r  Force  I n s t .  of  Tech. 
Washington, D. C. 20360 Wright-Pat terson Ai r  Force Base 
At tn :  NFAC 03  Res. & Development Dayton, Ohio 45433 
04 Engineer ing  & Design 
04128 Tech. L i b r a r y  C h i e f ,  C i v i l  Eng ineer ing  Branch 
WLRC, Research D i v i s i o n  
Naval Sh ip  Systems Command A i r  Force  Weapons Labora to ry  
Department of t h e  Navy K i r t l a n d  AFB, New Mexico 87117 
Washington, D. C. 20360 
A t t n :  NSHIP 031  Ch. S c i e n t i s t s  f o r  R & D A i r  Force  O f f i c e  of S c i e n t i f i c  Res. 
0342 Sh ip  Mats. & S t r u c t s .  1400 Wilson Boulevard 
037 Ship  S i l e n c i n g  Div. A r l i n g t o n ,  V i r g i n i a  2209 
052 Shock & B l a s t  Coord. At tn :  Mechs. Div. 
2052 Tech. L i b r a r y  
NASA 
P
Naval S h i p  Engineer ing  Center  
Main Navy B u i l d i n g  S t r u c t u r e s  Research D i v i s i o n  
Washington, D. C.  20360 N a t i o n a l  Aeronau t ics  & Space Admin. 
At tn :  NSEC 6100 Ship Sys. Engr. & Des. Dept. Langley Research Center  
6102C Computerated Sh ip  D e s .  Langley S t a t i o n  
6105 Sh ip  P r o t e c t i o n  Hampton, V i r g i n i a  23365 
6110 Ship  Concept Design A t t n :  M r .  R. R. H e l d e n f e l s ,  Chief 
6120 H u l l  Div. - J. Nachtsheim 
6120D H u l l  Div. - J. Vas ta  N a t i o n a l  Aeronau t ic  & Space Admin. 
6132 H u l l  S t r u c t s .  - (4) A s s o c i a t e  Admin is t ra to r  f o r  Advanced 
Research & Technology 
Naval Ordnance Systems Command Washington, D.  C ,  20546 
Department of t h e  Navy 
Washington, D. C .  20360 S c i e n t i f i c  & Tech. I n f o .  F a c i l i t y  
A t t n :  NORD 03  Res. & Technology NASA R e p r e s e n t a t i v e  (S-AK/DL) 
035 Weapons Dynamics P. 0 .  Box 5700 
9132 Tech. L i b r a r y  Bethesda,  Maryland 20014 
A i r  Force  
Commander WADD 
Wrigh t -Pa t t e r son  A i r  Force  Base 
Dayton, Ohio 45433 
A t t n :  Code WWRMDD 
AFFDL (FDDS) 
N a t i o n a l  Aeronaut ic  & Space Admin. 
Code RV-2 
Washington, D .  C .  20546 
Other  Government A c t i v i t i e s  
Commandant 
C h i e f ,  T e s t i n g  & Development Div. 
U. S. Coast Guard 
1300 E S t r e e t ,  N. W. 
Washington, D. C .  20226 
D i r e c t o r  
Marine Corps Landing Force  Devel. Cen. 
Marine Corps Schools  
Q u a n t i c o ,  V i r g i n i a  22134 
D i r e c t o r  
Na t iona l  Bureau of S tandards  
Washington, D.  C .  20234 
A t t n :  M r .  B.  L. Wilson,  EM 219 
Nat iona l  Sc ience  Foundation 
Engineer ing D i v i s i o n  
Washington, D .  C. 20550 
Sc ience  & Tech. D i v i s i o n  
L i b r a r y  of Congress 
Washington, D. C .  20540 
D i r e c t o r  
STBS 
Defense Atomic Support  Agency 
Washington, D. C .  20350 
Commander F i e l d  Command 
Defense Atomic Support  Agency 
Sandia  Base 
Albuquerque, New Mexico 87115 
C h i e f ,  Defense Atomic Support  Agency 
B l a s t  & Shock D i v i s i o n  
The Pentagon 
Washington, D. C .  20301 
D i r e c t o r  Defense Research & Engr. 
Techn ica l  L i b r a r y  
Room 3C-128 
The Pentagon 
Washington, D. C .  20301 
C h i e f ,  Airf rame & Equipment Branch 
FS-120 
O f f i c e  of F l i g h t  S tandards  
F e d e r a l  A v i a t i o n  Agency 
Washington, D .  C.  20553 
C h i e f ,  D i v i s i o n  of Ship Design 
Marit ime Admin is t ra t ion  
Washington, D. C .  20235 
Deputy C h i e f ,  O f f i c e  oE Ship C o n s t r .  
Marit ime A d m i n i s t r a t i o n  
Washington, D .  C.  20235 
A t t n :  M r .  U ,  L. Russo 
M r .  ,N i l ton  Shaw, D i r e c t o r  
Div. of Reac to r  Devel.  & Technology 
Atomic Energy Commission 
Germantown, Md. 20767 
Ship H u l l  Research Committee 
Na t iona l  Research Counci l  
Na t iona l  Academy of Sc iences  
2101 C o n s t i t u t i o n  Avenue 
Washington, D .  C.  20418 
A t t n :  M r .  A. R.  L y t l e  
U n i v e r s i t i e s  
P r o f e s s o r  J.  R.  Rice  
D i v i s i o n  of Engineer ing 
Brown U n i v e r s i t y  
Prov idence ,  Rhode I s l a n d  02912 
D r .  J.  T i n s l e y  Oden 
Department of Engineer ing Mechanics 
U n i v e r s i t y  of Alabama 
H u n t s v i l l e ,  Alabama 
P r o f e s s o r  M. E. G u r t i n  
Department of Mathematics 
Carnegie  I n s t i t u t e  of Technology 
P i t t s b u r g h ,  Pennsylvania  15213 
P r o f e s s o r  R. S. R i v l i n  
Center  f o r  t h e  A p p l i c a t i o n  of Math. 
Lehigh U n i v e r s i t y  
Bethlehem, Pennsylvania  18015 
P r o f e s s o r  J u l i u s  Miklowitz 
D i v i s i o n  of Engr. & Applied Sc iences  
C a l i f o r n i a  I n s t i t u t e  of Technology 
Pasadena,  C a l i f o r n i a  91109 
P r o f e s s o r  George S i h  
Department of Mechanics 
Lehigh U n i v e r s i t y  
Bethlehem, Pennsylvania  18015 
D r .  Harold Liebowitz ,  Dean 
School of Engr. & Applied Sc ience  
George Washington U n i v e r s i t y  
725 23rd S t r e e t  
Washington, D. C .  20006 
U n i v e r s i t i e s  ( c o n t ' d )  
P r o f e s s o r  Arnold A l l e n t u c h  
Dept. of Mechanical  Engineer ing 
Newark C o l l e g e  of Engineer ing 
323 High S t r e e t  
Newark, New J e r s e y  07102 
P r o f e s s o r  E. L. Reiss 
Courant I n s t .  of Math. Sc iences  
New York U n i v e r s i t y  
4  Washington P l a c e  
New York, New York 10003 
P r o f e s s o r  Bernard W .  S h a f f e r  
School of Engrg. & Science  
New York U n i v e r s i t y  
U n i v e r s i t y  He igh t s  
New York, New York 10453 
D r .  F r a n c i s  C o z z a r e l l i  
Div. of I n t e r d i s c i p l i n a r y  
S t u d i e s  and Research 
School of Engineer ing 
S t a t e  Univ. of N. Y .  
B u f f a l o ,  New York 14214 
P r o f e s s o r  R. A.  Douglas 
Dept. of Engr. Mechs. 
North C a r o l i n a  S t a t e  
U n i v e r s i t y  
Ra le igh ,  North C a r o l i n a  27607 
D r .  Ge-orge Herrmann 
The Technolog ica l  I n s t i t u t e  
Northwestern U n i v e r s i t y  
Evanston,  I l l i n o i s  60201 
P r o f e s s o r  J. D. Achenbach 
Technolog ica l  I n s t i t u t e  
Northwestern U n i v e r s i t y  
Evanston,  I l l i n o i s  60201 
D i r e c t o r ,  Ordnance Research Lab. 
Pennsylvania  S t a t e  U n i v e r s i t y  
P. 0 .  Box 30 
S t a t e  Col lege ,  Pennsylvania  16801 
P r o f e s s o r  Eugene J. Skudrzyk 
Department of Phys ics  
Ordnance Research Lab. 
Pennsy lvan ia  S t a t e  U n i v e r s i t y  
P. 0 .  Box 30 
S t a t e  C o l l e g e ,  Pennsylvania  16801 
P r o f e s s o r  J .  Kempner 
Dept. of Aero. Engr. & Applied Mech 
p o l y t e c h n i c  I n s t i t u t e  of Brooklyn 
333 Jay  S t r e e t  
Brooklyn,  New York 11201 
P r o f e s s o r  J .  Klosner  
P o l y t e c h n i c  I n s t i t u t e  of Brooklyn 
333 Jay  S t r e e t  
Brooklyn,  New York 11201 
P r o f e s s o r  A. C .  Er ingen 
Dept. of Aerospace & Mech. Sc iences  
P r i n c e t o n  U n i v e r s i t y  
P r i n c e t o n ,  New J e r s e y  08540 
D r .  S. L. Koh 
School of Aero. ,  As t ro .  & Engr. Sc.  
Purdue U n i v e r s i t y  
L a f a y e t t e ,  I n d i a n a  47907 
P r o f e s s o r  R.  A. Schapery 
Purdue U n i v e r s i t y  
L a f a y e t t e ,  I n d i a n a  47907 
P r o f e s s o r  E.  H. Lee 
Div, of Engr. Mechanics 
S t a n f o r d  U n i v e r s i t y  
S t a n f o r d ,  C a l i f o r n i a  94305 
D r .  Nicholas  J. Hoff 
Dept. of Aero. & Ast ro .  
S t a n f o r d  U n i v e r s i t y  
S t a n f o r d ,  C a l i f o r n i a  94305 
P r o f e s s o r  Max Anl ike r  
Dept. of Aero, & Ast ro .  
S t a n f o r d  U n i v e r s i t y  
S t a n f o r d ,  C a l i f o r n i a  94305 
P r o f e s s o r  J .  N. Goodier 
Div. of Engr. Mechanics 
S tanford  U n i v e r s i t y  
S t a n f o r d ,  C a l i f o r n i a  94305 
P r o f e s s o r  H.  W .  L iu  
Dept. of Chemical Engr. & Metal .  
Syracuse  U n i v e r s i t y  
Syracuse ,  New York 13210 
P r o f e s s o r  Markus Reiner  
Technion R & D 
H a i f a ,  I s r a e l  
U n i v e r s i t i e s  ( son t ' d )  
P r o f e s s o r  E l i  S t e rnbe rg  
Div. of Engr. & Applied Sciences  
C a l i f o r n i a  I n s t i t u t e  of Technology 
Pasadena,  C a l i f o r n i a  91109 
P ro fe s so r  P a u l  M. Naghdi 
Div. of Applied Mechanics 
Etcheverry H a l l  
Un ive r s i t y  of C a l i f o r n i a  
Berkeley,  C a l i f o r n i a  94720 
P ro fe s so r  Will iam P rage r  
Reve l le  Col lege  
Un ive r s i t y  of C a l i f o r n i a  
P. 0. Box 109 
La J o l l a ,  C a l i f o r n i a  92037 
P ro fe s so r  J. Ba l t r ukon i s  
Mechanics D iv i s i on  
The C a t h o l i c  Univ. of America 
Washington, D. C .  20017 
P ro fe s so r  A. J.  D u r e l l i  
Mechanics D iv i s i on  
The Ca tho l i c  Un ive r s i t y  of America 
Washington, D. C .  20017 
P ro fe s so r  H.  H. B le ich  
Department of C i v i l  Engr. 
Columbia Un ive r s i t y  
Amsterdam & 120th  S t r e e t  
New York, New York 10027 
P ro fe s so r  R. D.  Mindl in  
Department of C i v i l  Engr. 
Columbia Universi 'ty 
S. W.  Mudd Bui ld ing  
New York, New York 10027 
P ro fe s so r  F. L. DiMaggio 
Department of C i v i l  Engr, 
~ o l u m b i a  Univers i ty  
616 Mudd Bui lding 
New York, New York 10027 
P ro fe s so r  A. M. F reudentha l  
Department of C i v i l  Engr. & 
Engr. Mech. 
Columbia Univers i ty  
New York, New York 10027 
P r o f e s s o r  B. A. Boley 
Departmen; of Theor. & Appl. Mech. 
Co rne l l  Un ive r s i t y  
I t h a c a ,  New York 14850 
P r o f e s s o r  P. G. Hodge 
Department of Mechanics 
I l l i n o i s  I n s t i t u t e  of Technology 
Chicago, I l l i n o i s  60616 
D r .  D .  C.  Drucker 
Dean of Engineer ing 
Un ive r s i t y  of I l l i n o i s  
Urbana, I l l i n o i s  61803 
P r o f e s s o r  N.  M. Newmark 
Dept. of C i v i l  Engineer ing 
Un ive r s i t y  of I l l i n o i s  
Urbana, I l l i n o i s  61803 
P ro fe s so r  A ,  R. Robinson 
Department of C i v i l  Engr. 
Un ive r s i t y  of I l l i n o i s  
Urbana, ~ l l i n o i s  61803 
P ro fe s so r  S.  T a i r a  
Department of Engineering 
Kyoto Un ive r s i t y  
Kyoto, Japan 
P ro fe s so r  James Mar 
Massachuset ts  I n s t ,  of Tech. 
Rm. 33-318 
Dept. of Aerospace & Ast ro .  
77 Massachuset ts  Ave. 
Cambridge, Mass. 02139 
P ro fe s so r  E. Re i ssner  
Department of Mathematics 
Massachuset ts  I n s t .  of Tech. 
Cambridge, Mass. 02139 
P ro fe s so r  W i l l i a m  A .  Nash 
Dept. of Mechs. & Aerospace Engr. 
Univers i ty  of Mass. 
Amherst, Mass. 01002 
L ib r a ry  (Code 0384) 
U .  S. Naval Pos tg r adua t e  School 
Monterey, C a l i f o r n i a  93940 
U n i v e r s i t i e s  ( c o n t ' d )  I n d u s t r y  and Research I n s t i t u t e s  
Dean Oscar Baguio 
Assoc. of S t r u c  Engr. of 
t h e  P h i l i p p i n e s  
U n i v e r s i t y  of P h i l i p p i n e s  
Mani la ,  P h i l i p p i n e s  
P r o f e s s o r  Tsuyoshi  Hayashi 
Department of Aeronau.tics 
F a c u l t y  of Engineer ing 
U n i v e r s i t y  of Tokyo 
BUNKY 0-KU 
Tokyo, JaparL 
P r o f e s s o r  J .  E. F i t z g e r a l d ,  Ch. 
Department of C i v i l  Engineer ing 
U n i v e r s i t y  of Utah 
S a l t  Lake C i t y ,  Utah 84112 
P r o f e s s o r  R.  J .  H .  B o l l a r d  
Chairman, A e r o n a u t i c a l  Engr. Dept. 
207 Guggenheim H a l l  
U n i v e r s i t y  of Washington 
S e a t t l e ,  Kashington 98105 
P r o f e s s o r  A l b e r t  S. Kobayashi 
Dept. of Mechanical  Engr. 
U n i v e r s i t y  of Washington 
S e a t t l e ,  Washington 98105 
Officer-in-Charge 
P o s t  Graduate  School f o r  Naval Of f .  
Webb I n s t i t u t e  of Naval Arch. 
Crescent  Beach Road, Glen Cove 
Long I s l a n d ,  New York 11542 
S o l i d  Rocket S t r u c .  I n t e g r i t y  Cen. 
Dept. of Mechanical  Engr. 
P r o f e s s o r  F. Wagner 
U n i v e r s i t y  of Utah 
S a l t  Lake C i t y ,  Utah 84112 
D r .  Danie l  F r e d e r i c k  
Dept. of Engr. Mechs. 
V i r g i n i a  P o l y t e c h n i c  I n s t .  
Blacksburg,  V i r g i n i a  
L i b r a r i a n  
Webb I n s t i t u t e  of Naval Arch. 
Crescent  Beach Road, Glen Cove 
Long I s l a n d ,  New York 11542 
D r .  James H.  Wiegand 
Sen ior  Dept. 4720, Bldg. 0525 
B a l l i s t i c s  & Mech. P r o p e r t i e s  Lab. 
Aeroj e t -General  Corpora t ion  
P. 0 .  Box 1947 
Sacramento, C a l i f o r n i a  95809 
M r .  C a r l  E. Hartbower 
Dept. 4620, Bldg. 2019 A2 
Aerojet-General  Corpora t ion  
P. 0 .  Box 1947 
Sacramento,  C a l i f o r n i a  95809 
M r .  J .  S. Wise 
Aerospace Corpora t ion  
P. 0 .  Box 1300 
San Bernardino,  C a l i f o r n i a  92402 
D r .  V i to  Sa le rno  
Applied Technology Assoc. ,  I n c .  
29 Church S t r e e t  
Ramsey, New J e r s e y  07446 
Libra ry  S e r v i c e s  Department 
Report  S e c t i o n ,  Bldg.  14-14 
Argonne N a t i o n a l  Labora to ry  
9700 S. Cass Avenue 
Argonne, I l l i n o i s  60440 
D r .  M. C .  Junger  
Cambridge A c o u s t i c a l  A s s o c i a t e s  
129 Mount Auburn S t r e e t  
Cambridge, Massachuse t t s  02138 
D r .  F. R .  Schwarzl  
C e n t r a l  Laboratory  T. N.  0 .  
Schoenmakerstraat  97 
D e l f t ,  The Nether lands  
Research and Development 
E l e c t r i c  Boat D i v i s i o n  
General  Dynamics Corpora t ion  
Groton,  Connec t icu t  06340 
Superv i sor  of S h i p b u i l d i n g ,  USN 
and Naval I n s p .  of Ordnance 
E l e c t r i c  Boat D i v i s i o n  
General  Dynamics Corpora t ion  
Groton,  Connect icut  06340 
D r .  L. H.  Chen 
Basic  Engineer ing 
E l e c t r i c  Boat D i v i s i o n  
General  Dynamics Corpora t ion  
Groton,  Connect icut  06340 
D r .  Wendt 
Va l ley  Forge Space Technology Cen. 
General  E l e c t r i c  Company 
Vel ley  Forge,  Pennsy lvan ia  10418 
D r .  Joshua  E. Greenspon 
J .  G. Engr. Research A s s o c i a t e s  
3831 Menlo Dr ive  
Baltimore, Maryland 21215 
D r .  Walt .  D. P i l k e y  
ITT Research I n s t i t u t e  
1 0  West 35 S t r e e t  
Chicago, I l l i n o i s  60616 
L i b r a r y  Newport News S h i p b u i l d i n g  
& Dry Dock Company 
Newport News, V i r g i n i a  23607 
M r .  J .  I. Gonzalez 
Engr. Mechs, Lab. 
Mart in-Marie t ta  
MP - 233 
P. 0 .  Box 5837 
Orlando,  F l o r i d a  32805 
D r .  E. A. Alexander 
Research Department 
Rocketdyne D.  W . ,  NAA 
6633 Canoga Avenue 
Canoga P a r k ,  C a l i f o r n i a  91304 
M r .  Cezar P. Nuguid 
Deputy Commissioner 
P h i l i p p i n e  Atomic Energy 
Commission 
Mani la ,  P h i l i p p i n e s  
D r .  M.  L. M e r r i t t  
D i v i s i o n  5412 
Sandia  Corpora t ion  
Sandia  Base 
Albuquerque,  New Mexico 87115 
D i r e c t o r  
Sh ip  Research I n s t i t u t e  
M i n i s t r y  of T r a n s p o r t a t i o n  
700, SHINKAWA 
M i  t aka 
Tokyo, Japan 
D r .  R. C .  DeHart 
Southwest Research I n s t i t u t e  
8500 Culebra  Road 
San Antonio ,  Texas 78206 
D r .  M. L. Baron 
P a u l  Weid l inger ,  Consu l t ing  Engr. 
777 Thi rd  Avenue, 22nd F l o o r  
New York, New Pork 10017 
M r .  Roger Weiss 
High Temp. S t r u c t s .  & M a t e r i a l s  
Appl ied P h y s i c s  Lab. 
8621 Georgia Avenue. 
S i l v e r  S p r i n g ,  Maryland 
M r .  Will iam Caywood 
Code BBE 
Applied P h y s i c s  Labora to ry  
8621 Georgia Avenue 
S i l v e r  S p r i n g ,  Maryland 
M r .  M. J .  Berg 
Engineer ing  Mechs. Laboratory  
Bldg. R-1,  Rm. 1104A 
TRW Systems 
1 Space Park  
Redondo Beach, C a l i f o r n i a  90278 
D r .  H.  N. Abramson 
Southwest Research I n s t i t u t e  
8500 Culebra  Road 
San Antonio ,  Texas 78206 
DOCUMENTCONTROLDATA- R 8 D  
North Caro l ina  S t a t e  Univers i ty  
Raleigh,  North Carol ina 
Unc la s s i f i ed  
2b. G R O U P  
I 
3. R E P O R T  T I T L E  
Some One-Dimensional So lu t ions  o f  Nonlinear Waves of  a  Rate-Sens i t ive ,  
E l a s t o p l a s t i c  Mater ia l  
4. DESCRIPTIVE NOTES (Type of report and.inclusive dates) 
5 .  A U T H O R I S )  (First name, middle initial, last-name) 
Burniston,  E. E.  
Chang , T.  S. 
N00014-68-A-0187 
b. P R O J E C T  N O .  
C. 
d. 
10. D I S T R I B U T I O N  S T A T E M E N T  
Qual i f ied  r eques t e r s  may o b t a i n  copies  of t h i s  r e p o r t  from DDC. 
1 1 -  S U P P L E M E N T A R Y  N O T E S  12. S P O N S O R I N G  M I L I T A R Y  A C T I V I T Y  
Advanced Research P r o j e c t s  Agency 
Washington, D .  C.  20301 
13. A B S T R A C T  
Two c l a s s e s  of c losed form so lu t ions  of  one-dimensional, non l inea r  waves 
of  a  r a t e - s e n s i t i v e ,  e l a s t o p l a s t i c  m a t e r i a l  a r e  r epo r t ed .  One c l a s s  o f  t h e s e  
s o l u t i o n s  i s  s e l f - s i m i l a r  and t h e  o t h e r  c l a s s  c o n s i s t s  of cons tan t  speed 
propagations. Applicat ions of  t h e s e  s o l u t i o n s  t o  unsteady motions behind 
propagating d i s c o n t i n u i t i e s  a r e  a l s o  considered. 
DD ,F,b,"~6.1 473 (PAGE 1 )  Unc las s i f i ed  
" -'assification 
A- 314C 
